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1. Introduction 

The inversive geometry have been studied for many years by various 
mathematicians. See for instance, [H HI El [Q El [TD1 HU [H]. In |51 [E], the 
authors gave inversions of curves and surfaces. In [1], he obtained some results 
relating inverse surfaces. 

During the same time that projective geometry was emerging, 
mathematicians mostly began to deal with circles. Their key tool was 
inversion. This interest gave rise to a new geometry, called inversive 
geometry, which was able to provide particularly striking proofs of previously 
known results in Euclidean geometry as well as new results. 

This geometry have a wide application area in physics. For example, in the 
study of electrostatics let l\ and I2 be two infinitely long parallel cylinders of 
opposite charge. Then intersection of the surface of equipotential with a 
horizontal plane is two families of circles (and a single line) , and a point charge 
placed in the electrostatic field moves along a circular path through a 
specific point inside each cylinder, at right angles to circles in the families. This 
geometry deal with such families of circles. 

Now let put an inversion. Let S be a sphere with center c and radius r. 
Suppose that point p is other than c, then the inverse of p with respect to the 
sphere S is the point q on line cp such that 

II^HII^IHr 2 . (1.1) 

The sphere S is called the sphere of inversion, the point c is the center of 
inversion and the radius r is the radius of inversion. 



The inversion maps the inside of sphere into outside vice versa and it 
unchange points on the sphere, c has no image, and no point of the space 
is mapped to c. But, the points close to c are mapped to points far from c and 
vice versa. So, let us say that the image of c "point at infinity" and vice versa. 

In this study is organised as follows: Initially, it was obtained that regularity 
and singularity for inverse surfaces are properties remaining unchanged under 
an inversion. Then, some relations concerning the the normal curvatures, the 
shape operators, Christoffel symbols, the asymtotic and the conjugate vectors 
of inverse surfaces were found. 

2. Basic Notions 

Let c e E™ and r e R+. We denote that E™* = E™ - {c} . Then, an inversion 
of E" with the center c € E™ and the radius r is the map 

inversion [c, r] : E" — > E™ 

given by 

r 2 

inversion [c, r] (p) = c H ^ (p — c) . (2.1) 

IIp-c|| 

We use inv [c, r] instead of inversion [c, r] for shortness. 
The inversion of a curve a : (a, b) — > E" is the curve 

t — > inversioncurve [c, r, a] (t) 

defined by 

inversioncurve [c, r, a] (t) = inv [c, r] (a (t j) . (2.2) 



Figure 1: Astroid and its inversion curve with respect to unit circle. 

As shown in Figure 1, the points of astroid which are exterior to circle of 
inversion are mapped to points on the interior circle of inversion, and vice versa. 
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Let x : U — > E™ be a patch. The inverse patch of x with respect to inv [c, r] 
is the patch given by 

y = inv [c, r] o x. (2-3) 



Figure 2: Circular cylinder and its inverse patch. 

As shown above the hgure, the points of the cylinder which are exterior to the 
sphere of inversion are mapped to the points on interior, and vice versa. Note 
that as the cylinder arise in direction ± z its inverse close to center of inversion 
(origin). 

Throughout this paper, we assume that $ is inv [c, r] and 

y = $ o x. 
Here x : U — > E 3 is a patch in E 3 . 

Definition 2.1. ([7j) Let $ = inv [c, r]. Then, the tangent map of $ at p is 

the map 

$* p = t p (e"*) -^t Hp} (e"*) 

given by 

/ \ r2v v 2r 2 Up — c) , v„) . . 
®*p M = T -72 F ( p - C ) ' ^ 2 - 4 ) 

where v p eT p (E n *) . 

Lemma 2.2. ([7 ) An inversion is a conformal diffcomorphism. 
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3. The Shape Operators and Christoffel Symbols of Inverse 
Surfaces 

Let x : U — > E 3 be a patch and (uq,Vo) £ U. x is regular at (uq,vq) if 
x u x x v is nonzero at (uo,vq) . Thus we have following theorem. 

Theorem 3.1. Regularity and singularity for the inverse surfaces are in- 
variant properties under the inversion. 

Proof. We assume that $ = inv[c, r]. Then, from [5] we have 

X 2 I . 2 {{x - c) , (x u X x v )) \ 
Vu x Vv = A -i„ x x v H -2 (x - c) . (3.1) 

V F-q| / 

If p = x (ito, w o) a regular point of x, then 

x w x x v \p z / 1 0. 

Assume that 

y u x y« |«= o, 

where $ (p) = q G y (^) ■ Thus from, (3.1) we can write 

x u x | p = 2 ((p-^).^^ y (p _ c) (32) 

l|p-q| 

Taking the inner product of (3.2) with p — c, we obtain 

(x u x x v c) = 0. 

If this last equation takes into account equality in (3.2), we have 

x u x x v \p 0. 

So, the assumption is incorrect, that is, $ (p) = q is the regular point of y. 
Now, we assume that p = x (uq, vq) is a singular point of x, then 

Xu X Xy |p 0. 

Thus from the (3.1) , we obtain that 

Vu X Vv \g= 0. 

This completes the proof. 

Let /, II be the first and second fundamental forms of x, and let /, II be 
these of y. From [8], we have 

7o$, = X 2 I, (3.3) 
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II o $. = -A// - 2«, (3.4) 
where A (u, v) = Mu ^_ cf and 6 (u, v) = ^f^lffi'^ ■ 
Thus, we have following results without proofs. 

Corollary 3.2. ( 1 ) Let T l jk and f l jk (i,j,k= 1,2) be Christoffel symbols 
of x and y, respectively. Then 

pi _ pi , _ an Of p2 _ p2 j Ou dv 

11-11 2A 2 [EG — F 2 ] • 2\>\EG-F 2 ] ' 

1 _ pi j OV OU p2 _ p2 i OU dv 



pi —pi J QV OU p2 _ p2 

12 12 2A 2 [£G-F 2 ] ' 12 12 ■ 2X 2 [EG-F 2 } ' 

OF^-G 2 ^ [EG -2F>] d -£ + FG d * 

pi _ pl j OV OU p2 _ p2 I OV OU 

1 on — 1 99 i — 7T— - — , 1 99 — 1 9 



22 22 2A 2 [£G-F 2 ] ' 22 22 ' 2\ 2 [EG-F 2 ] 

where A (u, v) = „ , r . — and E, F, G are coefficients of the first fundamental 

v ' ' \\x(u,v)— cY ' ' 

form of x. 

Corrolary 3.3. {[I) Let T) k and f) k (i,j,k = 1,2) be Christoffel symbols 
of x and y, respectively. Suppose that x is a principal patch in E 3 , then 



f 1 

1 11 


= rV 


f (2A) 


- 2 d^_ 
du ' 


p2 
1 11 


- r 2 - 

— 1 11 


- (2A) 


_ 2 E d\ 2 
G~dv~ 


1 12 




- (2A)- 




p2 
1 12 




^ (2A)- 


-2^ 
du 


1 22 


— 1 22 


- (2A)" 


2 GdX 2 
E~du~' 


p2 
1 22 


= ri 2 H 


- (2A)- 


-2^ 
dv 



where A (it, v) = „ . r , — ra and -E, G are coefficients of the first fundamental 

v ' ; \\x(u,v)— elf ' 

form of x. 

Corollary 3.4 (Q]) Let 5 and S be the shape operators of x and y, respec- 
tively. Then 

So$, = -X^S- \ V I 2 , (3.8) 

where I 2 is identity, A (u, v) — ^ x ^ u r v ^_ c ^ and *7 = {Ux, {x — c)). 

Corollary 3.5. ([1) (i) The inversion maps flat points into umbilic points, 
(ii) The inversion maps flat points into flat points if and only if 

r,= (U x ,(x-c)) = 0. 



5 



4. The Aymptotic and Conjugate Vectors in Inverse Surfaces 

Lemma 4.1. Denote by 77/ and III the third fundamental forms of x and 
y, respectively. Then, 



IIIo$,=III + 2SII + Z 2 I, (4.1) 



where £ = 2 ^*>( x c )> 



Proof. Assume that p be any point in x (U) and $ (p) = q E y (U). Let 
the tangent map of $ at p be <&*p = T p (x) — > T$( p ) (y) . 
Suppose Up,v p E T p (x) and u q ,v q E T q (y) such that 

$* P (u p ) = u q and <&*p (v p ) = v q . 

Then 

' 52 



Ji7g {U q ,Vg) = (S {Ug),V q 



or 



III q (u q ,v q ) = {S(u q ),S(v q )) (4.2) 
Considering (3.3) and (3.8) in (4.2), we write 

Tn q (u q , v q ) = A 2 ^ (-a- 1 ^ - ^nh^j (u p ) , (-a- 1 ^ - ^nl^j (v p )j . 

From above equation, we obtain. 

HI o $* = III + 2£II + £ 2 I. 

Lemma 4.2. Let <&*p — T p (x) — > T$(p) [u) ■ Then, the conjugate vectors 
in x are invariant under $» if and only if 

r, = (U x , (x - c)> = 

or these are perpendicular. 

Proof. Let p E x (U) and <f> (p) = q E y (U) . We assume that 



<&* (u p ) = M g and (i> p ) 



u, 



where u p , v p E T p (x) and u q , v q E T q (y) . Let u p and v p E T p (x) be conjugate 
vectors. Then, 

Hp {u p , v p ) = 0. (4.3) 

By (3.4) , we write that 

{V q ) = ~ 2r2 f xlp 'ff~ C)) Jp (u p ,«p) , (4.4) 
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where (U x \ p , (p — c)) = r] (p) . If u q and z; g are conjugate vectors then 

IIq (u q ,V g ) = 0. 

Thus from (4.4) , we obtain that 

ri(p) = (U x | p ,(p-c)) = 0, 



Conversely, let r\ (p) = or let u p _L v p . Then, from (4.1) , we write that 



This implies that u q and v q are conjugate vectors. This completes the proof. 

Theorem 4.3. Let 77/ and III be the third fundamental forms of x and 
y, respectively. Assume that II ^ — %I and the conjugate vectors in x are not 
perpendicular each other, then following conditions are equivalent: 

(i) the conjugate vectors in x are invariant under 

(ii) HI o = III, 

(iii) U y = —U x , where U x and U y are unit normals of x and y, respectively. 
Proof. We show that (i) (ii) => (iii) (i) . If (i) holds then 



or 



Ip (u p ,v p ) = (u p ,Vp) = 0. 



IIq (u q ,V q ) = 0. 



TJ= (U x , (x- c)) = 0, 



thus £ = 0. By (4.1) , we obtain 



7/7 o = 777. 



If (ii) holds then 



2 (14, (x - c)) 
||x-c|| 2 



= 0, 



thus Tj = 0. Also, from [S], we write 



f7 y = -U x + 




(4.5) 



Hence, by (4.5) , we obtain 

Uy = -U X . 

Conversely, if (iii) holds then by (4.5) 



T) = 
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thus it follows from Lemma 4.2 that (i) holds. This completes the proof. 

Lemma 4.4. Let k and k be normal curvatures of x and y, respectively. 
Then 

12 

k o = --fc -n (4.6) 

A 

where A (u, v) = ^-^—^ and rj (u, v) = (U x (u, v), (x (u, v) - c)) . 

Proof. Let p E x(U), <I>(p) =q£y (U) and $» p = T p (x) — -> T $(p) (y) . 
Suppose that 

<J>* (V p ) = Vg, 

where v p £ T p (x) and v q £ T q (x) . The normal curvature of y in the direction 

V q is 

k(V q )= l -h(Vg,Vg). (4.7) 

On the other hand, from Lemma 2.2, we write 

\\v q \\ = X(p) \\v p \\ . (4.8) 
Thus, by (4.7) and (4.8), we obtain 

12 
fco$» (v p ) = -J^ k ( v p) ~ ^V(P)- 

Lemma 4.5. Let $* p = T p (x) — > T$(p) (y) . Then, the asymptotic vectors 
in x are invariant under $* if and only if 

r] = (U x , (x - c)> = 0. 

Proof. Let p £ x, $ (p) = q £ y and 

where v p £ T p (x) and u 9 £ T q (y) . Suppose that v p £ T p (x) is a asymptotic 
vector, then 

k (v p ) = 0, 

where k is the normal curvature of x. By Lemma 4.4, we can write 

k{v q ) = -^r,(p). (4.9) 



If asymptotic vectors in x are invariant under then also v q is asymptotic 
and 

r, (p) = 0. 
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Conversely, if r\ (p) = then, from (4.9) we obtain 

k(v q ) = 0. (4.10) 

This is needed. 



Theorem 4.6. Let [III] and 



III 



be the third fundamental forms of x 



and y, respectively. Then following conditions are equivalent: 

(i) the asymptotic vectors in x are invariant under <I>* 

(ii) f/T/l o$» = [7/7], 

(iii) U v = —U x , where U x and U y are unit normals of x and y, respectively. 

Proof. The proof is the same with that of Theorem 4.3. 

If the velocity vector of a curve is asymptotic vector, then the curve 
is asymptotic. Thus, we have a similar of Theorem 4.6 for asymptotic curves. 

Now, we define the inverse curves of the parameter curves of a surface. 

Definition 2.7. Let a; be a patch in E™ and let y be the inverse patch of 
x with respect to $. Then, the curves 

r 2 



and 



V (u, v ) = c + — -j (x (u, v ) - c) 

\\X (U, Vq) — C\\ 



V ( M o, v) = c + — -2 (x {u , v) - c) 

\\x(uo,v) - c\\ 



are called inverse parameter curves of u— parameter and v— parameter curves 
of x, respectively, where (u ,v ) is a constant point of U. 

If parameter curves of a patch are asymptotic curves, then it is called 
asymptotic patch. Hence, a similar of theorem 4.6 for asymptotic patchs can be 
given. 

Theorem 4.8. Let t and f be torsions of the asymptotic curves on x and 
y, respectively. If 

v =(U x ,(x-c))=0 

then 

where A (u, v) — .. , r , — ™. 
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Proof. If K and K respectively are Gauss curvatures of x and y, then from 
[8] , we write 



where H is the mean curvature of x. Because r\ = 0, we have 



A 2 

Since r and f are the torsions of the asymptotic curves in x and y, respectively, 
we obtain 

t = ±y t ' 
A 

5. Conclusions 

For inverse surfaces, the minimality, the second and third fundamental forms, 
the shape operators, the normal curvatures, the conjugate and the asymptoic 
vectors and the torsions of the asymptotic curves are invariant properties under 
the inversion when r] = 0. We comment the function r\ to be identically zero as 
follows: If 

77 (u, v) = (U x (u, v), (x (u, v) - c)) = 0, 

then the tangent planes at all the points of the surface x(u, v) pass through the 
center of the sphere of inversion. In such a case, the properties mentioned above 
are invariant under the inversion. 
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